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ORIGINAL ARTICLE

Bending characteristics of carbon nanotubes: Micropolar elasticity models
and molecular dynamics simulations
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ABSTRACT
The present paper aims at evaluating non-classical continuum parameters for each class of arm-
chair and zigzag single-walled CNTs focusing on the scale effect in their flexural behavior observed
in molecular dynamics (MD) simulations. Through a non-linear optimization approach, the bending
rigidities obtained from atomistic simulations are compared to those derived from non-classical
continua. For MD simulations, a novel method ensuring pure bending is introduced and for con-
tinuum modeling, micropolar, constrained micropolar, and modified couple stress theories are
employed. The results reveal that adopted non-classical theories, notably micropolar theory, pro-
vide reasonable outcomes with an obvious failure of classical Cauchy theory.
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1. Introduction

1.1. Applications and literature review

Carbon nanotubes (CNTs) [1, 2] have many actual and
potential applications in different fields of engineering (e.g.
sensors [3], actuators [4, 5], springs [6], resonators [7, 8],
reinforcement elements [9–12], probes [13–16]) thanks to
their outstanding mechanical, optical, thermal and electrical
properties [17–20]. Even though discrete modeling techni-
ques can precisely mimic the response of the corresponding
media with a proper choice of interatomic potential and
realistic boundary/loading conditions [21–30], limitations
are imposed both on time and scale of the problem due to
computational concerns [31], while experimental methods
might suffer from physical challenges (e.g. sample prepar-
ation/handling, analysis, data extraction) [32, 33].

Among various efforts that have been made to describe
the behavior of nano-structures (including CNTs), con-
tinuum models that are evaluated in accordance with find-
ings of atomistic simulations or actual experiments, may
well be used to reduce the computational burden by approx-
imating corpuscular structures with continuous functions
[34–36]. The simplest continuum model to be resorted is
the classical Cauchy of grade 1, yet it suffers from limita-
tions of not being able to contain information about internal
size, strain asymmetries and particle orientations [34, 37],
which can be considered as the source of scale effects in
CNTs [33, 38–42]. These drawbacks can be overcome with
the aid of non-classical (non-local) continuum theories that
utilize field description at coarse level and preserve the

memory of material’s underlying structure at fine level
through internal scale parameters [43–48]. As suggested by
Kunin [49], Maugin [50] and Eringen [47], a distinction
between ‘explicit’/‘strong’ and ‘implicit’/‘weak’ non-local for-
mulations can be made depending on the kind of non-local-
ity. This classification was first adopted by Trovalusci [34],
and further by other studies [51–54]. In the so-called explicit
type non-local models, such as Eringen’s model [55], primal
fields of classical theory is preserved while equations of
motion contain integral, integro-differential or finite-differ-
ence operators in the spatial field to cover the long-range
interactions through non-local parameter [48, 56]. On the
other hand, in implicit type non-local theories, also referred
to microcontinuum field theories or multi-field continua
[47], each material point is endowed with additional degrees
of freedom (DOF) that can account for size effects. In
micropolar theory, as a subset of microcontinuum field the-
ories, this nonstandard DOF is set to be the microrotation
and consequently additional strain and stress measures as
well as material parameters containing information about
internal structure are introduced into the field and constitu-
tive equations [49, 50, 57, 58]. As a result, micropolar theory
has been successfully used to describe a wide range of mate-
rials with internal structures, especially those where relative
rotations are predominant, such as brick masonry-like mate-
rials [59–61], heterogeneous structures with internal cracks/
voids/inclusions [62–65], and particulate composites
[66–70]. A subcase of micropolar theory is the couple stress
theory originally developed by Toupin [71], Mindlin and
Tiersten [72] and Koiter [73], in which microrotations are
constrained to follow macrorotations (local rigid rotations)
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yielding symmetric strain measures [74, 75], however, it
should be noted that the original form of couple stress the-
ory suffers from indeterminacy of the spherical part of cou-
ple stress tensor and the appearance of the normal
component of couple traction vector on boundary surfaces
[47, 76, 77]. To overcome this inconsistency, different ver-
sions of couple stress theory have been developed. Yang
et al. proposed modified couple stress theory [78] in which
the microrotations still equals the macrorotation while the
strain energy is assumed to depend only on the symmetric
part of the strain and curvature tensors, providing a sym-
metric couple stress tensor and only one additional length
scale parameter besides classical material constants. Due to
the greater simplicity of size-dependent modified couple
stress theory than micropolar theory and original couple
stress theory, it is frequently adopted to study the mechan-
ical behavior of size-dependent materials and nanostructures
[79–83], although there still exists some criticism on this
theory regarding ill-posed boundary conditions [77].

A number of studies have addressed the size-dependent
behavior of single-walled and multi-walled carbon nanotubes
through static analysis like flexural and torsional deform-
ation and buckling [84–86] and dynamic analysis like free
vibration and wave propagation [87–90]. The occurrence of
size effect is due to the fact that at nano-scales, the lattice
spacing between individual atoms is comparable to the over-
all dimensions (e.g., length, diameter) and the discrete
nature of the underlying material organization affects the
gross mechanical behavior of the structure. As classical the-
ory cannot capture the size dependency, non-local theories,
which can include the effect of material length scales, are
often recommended when continuum modeling is desired.
A review on the subject is provided in [91], while as one
can see the majority utilizes explicit type non-local theories
[92–97]. All these considered, investigating the capacity of
the implicitly non-local micropolar and couple stress theo-
ries on describing the overall behavior of CNTs is tempting
as there exist limited number of studies on the subject. So
far, few studies have adopted micropolar theory to model
CNTs. For instance, Xie and Long [98] calculated the funda-
mental frequencies of single and double-walled CNTs using
the concept of micropolar elasticity. However, the applica-
tion of couple stress theory in CNT modeling is more com-
mon than micropolar theory; Akgoz and Civalek [83]
adopted modified couple stress theory and Euler-Bernoulli
beam model to calculate the critical axial compressive buck-
ling loads of CNTs. Khajueenejad and Ghanbari [82] esti-
mated variable internal length parameters for zigzag and
armchair CNTs using modified couple stress Timoshenko
beam theory and the axial buckling loads from molecular
dynamics (MD) simulations. Fakhrabadi et al. [42], used
modified couple stress theory with average material parame-
ters of CNTs to show size-dependent mechanical behaviors
of the cantilever and doubly clamped CNTs under electro-
static actuation. Khorshidi [41] used a modified couple
stress Timoshenko beam with the weakening effect to cap-
ture the fall in the phase velocity curve vs the wave number
observed in the MD simulation. They have used MD result

for two armchair CNTs found in a study by Wang and Hu
[99], and reported different material length scale parameters
for each. Farokhi et al [87] developed a size-dependent con-
tinuum model based on modified couple stress theory for
analysis of the behavior of carbon nanotube-based resona-
tors. The model is then parameterized and validated
employing molecular dynamics simulations. Finally, in a
recent contribution of some of the Authors [100], size-
dependent behavior of CNTs under torsion is investigated
on the basis of micropolar theory, and corresponding mater-
ial parameter sets of armchair and zigzag CNTs are deter-
mined by comparing the difference between the apparent
shear modulus obtained from MD simulations and one-
dimensional micropolar beam model.

1.2. Contributions of the present study

With this motivation, in the present study, the applicability
of micropolar theory in modeling size-dependent behavior
of CNTs is checked focusing on flexural characteristics. For
this purpose, first, a series of MD simulations are performed
on armchair and zigzag nanotubes under pure bending,
which is ensured by proposing a systematic method that
avoids previously reported spurious axial deformations
[101–105]. For the sake of computational cost, the length of
the CNTs are adjusted to keep the aspect ratio constant at a
moderately small value since bending stiffness is proved to
be independent of the slenderness. In consistent with experi-
mental observations [106] and atomistic simulations [85],
the variation of bending modulus with diameter reveals the
existence of size effect, and, indeed, calls for the use of non-
local continuum theories to be able to maintain the accuracy
of atomistic simulations. For the identification of the corre-
sponding constitutive material parameters, a non-linear opti-
mization approach that aims to reproduce bending rigidities
obtained from MD simulations by continuum model is
adopted. Here CNTs are considered as three-dimensional
hollow cylindrical beams made of homogeneous, isotropic,
linear, elastic material. As the exact solution to the bending
problem of a micropolar hollow cylinder is rather sophisti-
cated, in the present work the problem is also solved in the
framework of modified couple stress theory [78], and con-
strained micropolar theory, in which the displacement field
is assumed to be equal to the classical elastic one and micro-
rotations are enforced to follow the macrorotations [107]. It
should be mentioned that the constrained micropolar theory
can still account for the asymmetries in the curvature and
couple stress fields on the contrary to the modified couple
stress theory. The suitability of the two latter theories is
then compared with the solution of micropolar theory. To
the best of the Authors’ knowledge, this is the first time that
micropolar/modified couple stress theory is used to model
the size-dependent behavior of CNTs captured in the atom-
istic simulated bending of CNTs.

The paper is organized as follows; Section 2 describes the
details of MD simulation for the pure bending of CNTs by
validating and discussing the results. Section 3 addresses the
governing equations and derives corresponding bending
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rigidity expressions for micropolar, constrained micropolar
and modified couple-stress theories. In Section 4, the consti-
tutive parameters for each implicit non-local continuum
model are determined using a non-linear optimization
approach by providing a discussion of the results. Finally,
concluding remarks are summarized in Section 5.

2. Atomistic simulation

Single-walled carbon nanotubes (SWCNTs) can be described
as a single layer of graphene sheet rolled into a seamless
hollow cylinder with a constant mean diameter. Depending
on the direction of wrapping, nanotubes are categorized as
armchair (m ¼ n), zigzag (n¼ 0) and chiral (m 6¼ n):

Ch ¼ ma1 þ na2 ¼ ðm, nÞ (1)

where Ch refers to chiral vector, and is specified by chiral
index (m, n), alongside with basis vectors of graphene lattice
a1 and a2 [108].

This section presents the details of MD simulations to
perform bending on two sets of eight armchair and zigzag
SWCNTs with mean diameters ranging from d ¼ 6:3� 16:2
Å (1 Å ¼ 10�10 m), while the aspect ratio, L0=d, which is
the ratio of CNTs’ free length to the mean diameter, is fixed
at a moderately small value (L0=d � 5), for the sake of com-
putational cost, however, the independence of bending rigid-
ity to the aspect ratio, which is the output to be
implemented in the optimization process in Section 4, is
going to be ensured in Section 2.2. The MD simulations are
carried out in Large-scale Atomic/Molecular Massively
Parallel Simulator (LAMMPS) open-source package [109]
using Visual Molecular Dynamics (VMD) software for the
visualization [110]. Adaptive intermolecular reactive empir-
ical bond order (AIREBO) potential [111] with a cutoff
radius of 10.2 Å is adopted to describe the interatomic inter-
actions, which is a sum of pairwise interactions, including
covalent bonding interactions, Lennard–Jones terms, and
torsion interactions and one of the most accurate potentials
for modeling carbon atoms. Fixed type boundary conditions
are considered in three directions. First, each CNT under-
goes an energy minimization using the conjugate gradient

method, then the structures are relaxed at 10K (Kelvin)
through a canonical (NVT) ensemble where total number of
atoms, volume of simulation box and temperature of the
system are kept constant [109] with the aid of Nose-Hoover
thermostat for 200 picosecond (1 pico ¼ 10�12). The vel-
ocity-Verlet algorithm is used for time integration with a
step of 1 femto second(1 femto ¼ 10�15). The relatively low
temperature is used to eliminate the effect of thermal fluctu-
ations on the mechanical response of CNTs. In order to
ensure the independence of the bending rigidity from the
aspect ratio and environmental temperature, a series of sim-
ulations are performed considering slender CNTs
(L0=d ¼ 10, 12, 20) as well as higher temperature val-
ues (300K).

2.1. Simulation of pure bending

To apply a loading that resembles pure bending, most
researchers keep the end atoms of the CNT frozen while
imposing rotation. However, this protocol might create
spurious axial strain, and care must be taken to avoid it.
Although, there is no distinct consensus on how to prevent
it, some researchers like Cao and Chen [103] and Kutana
and Giapis [104] have reported to apply displacement
besides rotation to remove the effect of spurious axial strain
without providing any further details, and Nikiforov [105]
has suggested to use the objective MD method instead of
MD to avoid the axial forces, while others mentioned noth-
ing regarding the issue. (A summary of different loading
methods in the literature is provided in the Appendix.) In
the present work, to ensure the pure bending on CNTs, the
following procedure is suggested.

1) At the beginning of each increment, a small rotation
of 0.003 rad ’ 0.17

�
is applied on the boundary atoms at

the ends, marked with blue color (Figure 1). It should be
noted that, boundary atoms do not contribute to the overall
(free) length of the nanotube, L0. The span of boundary
atoms at each end, lfixed, is arranged to be in accordance
with the overall length of the nanotube, such that the ratio
in-between remains constant, (i.e., lfixed=L0 � 25%), however,

Figure 1. Schematic of the rotation angle (a), radius of curvature (q) and end-to-end distance (l) at the beginning and end of an increment during pure bending,
illustrated for an armchair single-walled carbon nanotube with a chirality of ðm, nÞ ¼ ð5, 5Þ and aspect ratio of L0=d ¼ 12 (the changes are exaggerated).

MECHANICS OF ADVANCED MATERIALS AND STRUCTURES 3



for CNT(7,7), results are checked to be independent of the
span of fixed atoms. The rotation at each side takes place
around a line perpendicular to the CNT’s axis and passing
through the center of mass of the red ring in Figure 1.

2) To keep the length of the deformed CNT axis
unaltered, the two ends are moved in the z-axis so that the
arc length remains equal to the initial length of the tube, L0
(Figure 1). Accordingly, if a1, q1 and l1 are the rotation
angle, the radius of curvature and end-to-end distance at the
beginning of each increment and a2, q2 and l2 are their
counterparts at the end of the increment (shown schematic-
ally in Figure 1), following relation must hold to keep the
tube length constant:

q1 2a1ð Þ ¼ q2 2a2ð Þ ¼ L0 (2)

Also, it is evident from Figure 1 that:

l1 ¼ 2q1 sin a1
l2 ¼ 2q2 sin a2

(3)

Accordingly, after each rotation the ends should be dis-
placed toward each other for a value of Dl :

Dl ¼ 1
2
ðl1 � l2Þ ¼ 1

2
L0

sin a1
a1

� sin a2
a2

� �
(4)

Obviously, at the beginning of the first increment initial
rotation angle equals to zero (i.e. a1 ¼ 0) which gives:

Dl ¼ 1
2
L0 1� sin a2

a2

� �
(5)

3) After incremental rotation and displacement take
place, the potential energy of the rest of the system (exclud-
ing the fixed blue boundary atoms) is minimized using con-
jugate gradient method such that the maximum force acting
on the unconstrained atoms (colored in cyan) becomes less
than 10�13 eV/Å: Then, the plots of strain energy (U), which
is recorded at the end of each increment, and applied
moment (M), which is calculated by the following differenti-
ation operation, are obtained for each CNT.

M ¼ dU
da

(6)

where U is the potential energy and a is the bending (rota-
tion) angle (a is twice the bending angle imposed on each
side of the tube). Since the changes in the energy plot can
be mistaken for numerical noise, and turning points are bet-
ter captured by monitoring the moment, the corresponding
curve for a SWCNT with a chirality of ðm, nÞ ¼ ð6, 6Þ, and
aspect ratio of L0=d ¼ 5 is presented in Figure 2, as
an example.

According to the buckling mode shapes presented
alongside with the variation of bending moment in Figure
2, following observations can be made. The moment curve
seems to be linear up to around 0.3 rad beyond which the
slope decreases until 0.564 rad, where a slight drop,
related to the occurrence of the first kink, appears. The
point at which the first kink developes is referred as crit-
ical curvature (Cc). The kink deepens as the bending
increases up to 1.086 rad, where an abrupt drop is
observed (between 1.086 and in 1.098 rad), which denotes
the transition from a single kink to a double one. Finally,
the third drop happens between 1.662 and 1.674 rad as a
result of the third kink.

Besides, analyzing the coordinates of the atoms reveals
that the axial deformation caused by pure bending induces
no coupled twist for armchair and zigzag CNTs. However, it
is expected that in the case of a chiral CNT, the anisotropy
in the structure brings about a coupling between axial and
shear deformation, as reported in [112].

2.2. Bending rigidity and critical curvature

Although in Section 2.1, a discussion about the variation of
bending moment is provided considering a wide range of
rotation angles, the focus of the present paper is going to be
on the linear region which corresponds to the quadratic part
of the potential energy. Accordingly, the bending stiffness

Figure 2. Plots of applied moment of single-walled carbon nanotube with a chirality of ðm, nÞ ¼ ð6, 6Þ and aspect ratio of L0=d ¼ 5 alongside with corresponding
buckling mode shapes.
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(Kb) can be obtained by fitting a parabolic curve to the
potential energy for the linear region:

Kb ¼ d2U
da2

(7)

Since, for linear region, the bending stiffness can also be
represented in terms of bending moment and bending angle
(i.e. Kb ¼ M=a) whereas arc length (herein denotes the
length of deformed CNT axis) is calculated by multiplication
of the rotation angle and radius of curvature (i.e. L0 ¼ qa),
bending rigidity (KbL0), is derived as follows:

KbL0 ¼ Mq (8)

Corresponding results (i.e. bending rigidity, critical curva-
ture) of MD simulations are listed in Table 1 alongside with
other physical features of CNTs.

2.2.1. Effect of temperature and aspect ratio on
MD results

It should be noted that decreasing the environmental tem-
perature in MD simulations is a widely exploited approach
(see Appendix) that mitigates the noise (scattered data) in
the potential energy. Moreover, in the present study, the
effect of temperature on bending rigidity and critical curva-
ture is investigated through additional numerical experi-
ments performed for (6,6) and (12,12) CNTs with 300K (see
Table 1): the results reveal a minor dependency of critical
curvature, which is compatible with Iijima et al. [102] obser-
vation, while resulting bending rigidities turn out to be
almost identical.

The independence of bending rigidity on the aspect ratio
is also verified through additional simulations for slender
CNTs (i.e. L0=d ¼ 10, 12, 20), where the change is less than
2%. Besides, according to Table 1, increasing the aspect ratio
results in a rise in critical curvature of armchair CNTs with
chirality of (5,5) and (6,6) in agreement with the findings of
Cao and Chen [103]. This increase in the critical curvature

can be attributed to the change in the first snap buckling
configuration; As an example for SWCNT (6,6) with the
aspect ratio of 5, the first buckled shape possesses only one
kink, whereas, when the aspect ratio changes from 5 to 10,
two kinks appear in the first buckling configuration. More
discussion on the dependance of critical curvature to the
aspect ratio can be found in [103].

2.2.2. Verification of MD results
For validation of the results of molecular dynamics simula-
tions, a comparison to the current literature is made both
on bending rigidities and critical curvatures. First of all,
bending rigidities in the present work is compared with
those reported by Srivastava et al. [113] and Papanikos et al.
[114]. (Please note that the values for [113] are extracted
from the reported plots, and those for [114] are obtained
using the proposed relations for armchair and zigzag nano-
tubes.) As shown in Figure 3, the findings fall within the lit-
erature data range where for zigzag CNTs, bending rigidities
turn out to be slightly higher than the ones obtained for
armchair CNTs, as in accordance with [113] and [114].

As second step of validation, critical curvature values, the
variation of which illustrated in Figure 4, are compared with
those reported in the literature by Iijima et al. [102], Cao
and Chen [103] and Yakobson et al. [115]. The distinct lin-
ear trend is in agreement with the findings in [102] and
[115], although the curves have slopes lower than in [102]
and [115] and higher than in [103]. By using the proposed
relation in [102], the critical curvature of 0.162 rad/nm is
attained for armchair CNTs with a chirality of (6,6). This
value turns out to be close to the one obtained herein for an
aspect ratio of L0=d ¼ 10 which is 0.17 rad/nm. In addition,
it is observed in Figure 4 that the overall level for critical
curvature of zigzag CNTs is higher than those of armchair
CNTs, especially in lower diameters. This is consistent with
the predicted relation of Iijima et al. [102] in which at the

Table 1. Properties, critical curvatures (Cc) and bending rigidities (KbL0) of armchair and zigzag CNTs with different diameters.

Chirality Diameter Temp. Crt. curv. Length Aspect Bend. rig.
(m,n) (Å) (K) ðrad=nmÞ (nm) ratio (nN.(nm)2)

(5,5) 6.78 10 0.207 3.28 4.8 41.1
(5,5) 6.78 10 0.250 8.15 12.0 40.5
(5,5) 6.78 10 >0.23 13.50 19.9 40.3
(6,6) 8.09 10 0.141 4.01 5.0 68.1
(6,6) 8.09 10 0.170 8.14 10.1 67.5
(6,6) 8.09 300 0.170 8.15 10.1 67.8

Armchair (7,7) 9.42 10 0.103 4.73 5.0 105.1
(8,8) 10.74 10 0.080 5.46 5.1 153.9
(9,9) 12.07 10 0.064 6.18 5.1 215.4
(10,10) 13.40 10 0.052 6.66 5.0 293.1
(11,11) 14.73 10 0.044 7.39 5.0 386.3
(12,12) 16.06 10 0.037 8.11 5.1 496.7
(12,12) 16.06 10 0.044 16.11 10.0 490.8
(12,12) 16.06 300 0.042 16.11 10.0 491.3

(8,0) 6.33 10 0.296 3.06 4.8 34.4
(10,0) 7.84 10 0.175 3.91 5.0 62.5
(12,0) 9.36 10 0.120 4.75 5.1 103.4

Zigzag (14,0) 10.89 10 0.088 5.30 4.9 159.6
(16,0) 12.42 10 0.068 6.14 4.9 233.6
(18,0) 13.95 10 0.054 6.84 4.9 328.2
(20,0) 15.48 10 0.044 7.82 5.1 444.6
(21,0) 16.25 10 0.040 8.24 5.1 511.0
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same diameter, the critical curvature related to zigzag CNT
is greater than the armchair counterpart with the difference
more sensible in smaller diameters.

2.2.3. Exhibition of non-local and size dependent behavior
in CNT

At this point, it is checked whether CNTs exhibit non-local
behavior, which calls for the use of non-classical theories for
continuum modeling. For this purpose, as inspired by the
studies [116, 117] and [107], a new measure, namely bend-
ing rigidity ratio, X, is defined to compare the results
obtained from MD simulations with the Cauchy counter-
parts.

X ¼ KbL0
EI

(9)

where in the classical Cauchy formulation for pure bending
of a beam, following relation holds alongside with Eq. (8):

Mq ¼ EI (10)

with E and I being the Young’s modulus and the second
moment of inertia of the cross-section of the beam, respect-
ively. Naturally, for a beam obeying Cauchy continuum, the
corresponding ratio in Eq. (9) is equal to 1, while any devi-
ation from the unity indicates non-local behavior. To adopt
this relation to CNTs, the bending rigidities (KbL0),
extracted from the MD simulations, are divided by the
moment of inertia considering a typical thickness of 1 Å,
while the results (i.e. XE ¼ KbL0=I) are illustrated in Figure
5 for various diameters. As most of the experiments and
atomistic simulations suggest that Young’s modulus (E) is
insensitive to the nanotube’s diameter in tensile tests
[118–121], the decreasing trend of the curve with increasing
diameter or vice versa indicates the presence of size-effect.
This observation is consistent with an experiment conducted
by Poncharal et al. [106] using electrically-induced deflec-
tions and also in accordance with the characteristic of a
micropolar material in which the tubes with smaller diame-
ters exhibit more stiffness than those with larger diameters
in both bending and torsion tests [107, 116, 117, 122, 123].
As in this case, it is clear that, as the mean diameter of
CNT decreases external and internal lengths become com-
parable resulting in a more pronounced non-locality.

3. Implicitly non-local continuum models

This section presents the solutions to pure bending of a
three-dimensional hollow cylindrical beam made of homoge-
neous, isotropic and linear, elastic material, in the frame-
work of micropolar [57, 58], constrained micropolar [107]
and modified couple stress [78] theories, all of which can be
classified as ’implicitly’ non-local models [59].

First, a solution for constrained micropolar model [107] with a
displacement field equals to that of classical elastic one, and micro-
rotations enforced to follow macro (local rigid) rotations is devel-
oped. Then, the result is improved by considering the exact
displacement field obtained by Iesan [124] and presented by

Figure 3. Bending rigidity vs diameter for armchair and zigzag CNTs – A com-
parison with the literature [113, 114].

Figure 4. Critical curvature vs diameter for armchair and zigzag CNTs – A com-
parison with literature [102, 103, 115].

Figure 5. Variation of bending modulus with respect to mean diameter for
armchair and zigzag CNTs, and a typical prediction of Cauchy theory.
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Reddy and Venkatasubramanian [122]. Finally, the bending prob-
lem is investigated using modified couple stress theory in which,
in addition to the equality of micro and macrorotations, curvature
and couple stress tensors are assumed to have a symmetric charac-
ter [78].

3.1. Constrained micropolar theory

Consider a beam having a length of L, with a symmetrical
cross-sectional area A, where z-axis, passing through the
centroid of the cross-section, refers to the beam’s axis, and x
denoting the symmetry axis of the cross-section. The origin
of cartesian coordinate system is located at the left end of
the beam while a couple equal to �Mey and Mey is exerted
on the ends with ey being the unit vector in the y direction
(see Figure 6).

The strain field, eij ði, j ¼ x, y, zÞ, for a classical elastic
beam subjected to bending is proved to be [125];

ezz ¼ x=q

exx ¼ ��ezz ¼ ��x=q

eyy ¼ ��ezz ¼ ��x=q

exy ¼ eyx ¼ exz ¼ ezx ¼ eyz ¼ ezy ¼ 0 (11)

where q is the radius of curvature, � is the Poisson’s ratio, and
x is measured from the central z-axis. Similarly, the compo-
nents of the curvature, vij ði, j ¼ x, y, zÞ, can be found as [125]:

vzy ¼ �1=q
vyz ¼ ��=q (12)

Now with considering the kinematic relations for a
micropolar body;

eij ¼ uj, i þ ejik/k, vij ¼ /j, i ði, j, k ¼ x, y, zÞ (13)

where ui, /i denote the displacement and microrotation
components respectively, and eijk is the third order permuta-
tion tensor, following displacement and microrotation fields
can be obtained by substituting the above-given strain and
curvature components to the equation, and performing
necessary integration operations:

ux ¼ �ð1=2qÞ z2 þ �ðx2 � y2Þ� �
uy ¼ ��xy=q

uz ¼ xz=q

/x ¼ 0

/y ¼ �z=q

/z ¼ ��y=q (14)

Using strain and curvature fields of classical elastic prob-
lem inherently results in a displacement field equal to that

of the classical one and microrotation field equal to macro-
rotation, hi, (i.e. /i ¼ hi ¼ 1

2 eijkuk, j). It should be noted that,
the afore-mentioned assumptions on displacement and
microrotation fields are first proposed by Lake [107] for
deriving the bending rigidity ratio of a beam with rectangu-
lar cross-section and it is revisited here for the general case
of any micropolar beam with symmetrical cross-section.

The constitutive relation for a linear elastic micropolar
continuum is represented as

rij ¼ kekkdij þ leji þ ðlþ jÞeij,
lij ¼ avkkdij þ bvji þ cvij ði, j, k ¼ x, y, zÞ (15)

which contains six elastic material constants; the two Lam�e
k, and l constants and four additional material constants, a,
b, c and j emerging from micropolar theory. The following
so-called engineering constants are also derived based on
the aforementioned six parameters for providing better
physical insight [107]:

G ¼lþ j=2 : shearmodulus

N ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j=ð2ðlþ jÞÞ

p
: couplingnumber

lt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðbþ cÞ=ð2lþ jÞ

p
: characteristiclengthfortorsion

w ¼ðbþ cÞ=ðaþ bþ cÞ : polarratio

E ¼ð2lþ jÞð3kþ 2lþ jÞ=ð2kþ 2lþ jÞ : Young0smodulus

� ¼k=ð2kþ 2lþ jÞ : Poisson0sratio

lb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c=2ð2lþ jÞ

p
: characteristiclengthforbending

(16)

With substituting the strain and curvature fields, given in
Eqs. (11) and (12), into the Eq. (15), the only non-vanishing
stress and couple stress components become:

rzz ¼ Ex=q

lzy ¼ � b� þ c
q

lyz ¼ � bþ c�
q

(17)

where E refers to Young’s modulus and can be represented in
terms of other material constants; E ¼ ð2lþ jÞ
ð3k þ2lþ j Þ=ð2kþ 2lþ j Þ:

Requiring that the resultant moment on each plane nor-
mal to the z-axis is equal to the applied moment, following
equation is obtained:ð

A
ð�xrzz þ lzyÞ dA ¼ �M (18)

Note that the moment around the x-axis, related to
yrzzdA, vanishes since the application of couples in the
plane of symmetry results in a symmetric distribution of
normal stresses about this axis.

With further substituting the expressions for rzz and lzy,
given in Eq. (17), into the Eq. (18), the below-given relation,
which denotes Mq; the bending rigidity of the micropolar
beam, is obtained:

EI þ ðb� þ cÞA ¼ Mq (19)

where, I is the second moment of inertia about the y-axis.

Figure 6. Schematic of the beam under pure bending.
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Analogous to Eq. (9) in Section 2.2 and inspired by the
studies [116, 117] and [107], the non-dimensional micropo-
lar bending rigidity ratio, Xm, is defined as the ratio of
bending rigidity of a micropolar beam to that of its classical
counterpart. Since Mq is the observed bending rigidity of
the micropolar beam, while EI is the corresponding classical
value, Xm can be obtained by dividing both sides of Eq. (19)
by EI as follows:

Xm ¼ Mq
EI

¼ 1þ ðb� þ cÞA
EI

(20)

Although the lateral surface of the beam should be free
of not only tractions, but also couple tractions, substituting
the stress and couple stress components into the below-
given relations,

ti ¼ rjinj, li ¼ ljinj ði, j ¼ x, y, zÞ (21)

yields non-zero couple traction due to lyz: This couple
stress component is the only component that prohibits the
present solution to be exact. So, the solution is exact only
when b

c ¼ ��: It should be noted that although Eq. (20)
may not be exact, a similar approach with the same con-
straint is proposed by Lake [107] for the bending rigidity of
a micropolar beam with rectangular cross section which is
further adopted in various studies [126–129]. An even more
simplified version of this formulation neglecting vyz is also
used by some other researchers [130–132].

Finally, by using the relations of l2b ¼ cð1þ �Þ=2E and
�� ¼ b

c , Eq. (20) is rewritten as:

Xcm ¼ 1þ 2 1� �ð Þl2b
A
I

(22)

which can be further adopted as follows considering hollow
circular cross-section with Ro and Ri being the outer and
inner radii:

Xcm ¼ 1þ 8 1� �ð Þ l2b
R2
o þ R2

i
(23)

3.2. Micropolar theory

The solution procedure in this section is based on a study
by Reddy and Venkatasubramanian [122] for determining
the bending rigidity of a micropolar hollow circular cylinder.
Here, the problem is restated from a more comprehensible
perspective, and more details are provided. In this case, to
obtain the solution for the bending rigidity of a micropolar
hollow cylinder, a general displacement field is considered
as follows:

ux ¼ �ð1=2qÞ z2 þ �ðx2 � y2Þ� �þ ð1=qÞupðx, yÞ
uy ¼ � �xy

q
þ ð1=qÞvpðx, yÞ

uz ¼ xz=q
/x ¼ 0
/y ¼ �z=q

/z ¼ � �y
q
þ ð1=qÞ/pðx, yÞ

(24)

which is consistent with the exact solution proposed by
Iesan [124]. As a matter of fact, the additional terms of
upðx, yÞ, vpðx, yÞ and /pðx, yÞ are added to the displacement
field in Eq. (14) to adjust the boundary condition related to
free surface couple traction which couldn’t be satisfied in
Section 3.1. Here, the subscript p refers to the
plane problem.

As all the equations are in a linear elastic framework, the
solution to the bending of a micropolar hollow cylinder can
be obtained by superposing the solution in the previous sec-
tion with the solution related to a plane problem corre-
sponding to upðx, yÞ, vpðx, yÞ and /pðx, yÞ, which can be
represented in polar coordinates as:

upz ¼ /p
r ¼ /p

h ¼ 0

/p
z ¼ /pðr, hÞ

upr ¼ upðr, hÞ
uph ¼ vpðr, hÞ (25)

while subjected to following boundary conditions:

lprz ¼ ðbþ c�Þ sin ðhÞ , r ¼ Ri and r ¼ Ro

rprh ¼ 0, r ¼ Ri and r ¼ Ro
(26)

Note that substituting the plane stress displacement field
in Eq. (25) into the constitutive relation (Eq. (15)), already
gives lprr ¼ lprh ¼ 0, and thus it has not appeared in
Eq. (26).

By substituting Eq. (13) into Eq. (15) and a further sub-
stitution into the following balance equation [57],

rji, j ¼ 0, ljk, j � eijkrji ¼ 0 (27)

the governing equations of a micropolar continuum can be
written as follows in terms of displacement field:

ðkþlÞupi, ikþðlþjÞupk, iiþjekij/
p
j, i ¼ 0

ðaþbÞ/p
i, ikþ c/p

k, iiþjekiju
p
j, i�2j/p

k ¼ 0 ði, j,k¼ r,h,zÞ
(28)

Chui and Lee, derived the general solution to this plane
problem with the general boundary condition expanded in
the Fourier series [133]:

upr ¼ up r, hð Þ ¼
X1

n¼�1
UnðrÞeinh

uph ¼ vp r, hð Þ ¼
X1

n¼�1
iVnðrÞeinh n ¼ 0,61 ,62, :::

/p
z ¼ /pðr, hÞ ¼

X1
n¼�1

iUnðrÞeinh

(29)

The relations for the Fourier coefficients for each n are
proposed in [133]. Here, considering the boundary condi-
tions in Eq. (26), the coefficients related to n¼ 1 is picked
out as follows;
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UðrÞ ¼ A1 � k
2 2lþ jð Þ 1þ cð ÞA2 þ 1þ j

2lþ jð Þ 1þ cð Þ
� �

A2 ln r þ 1þ j

2lþ jð Þ 1� 3cð Þ
� �

A3r
2

þ A4r
�2 þ k

2 lþ jð Þd
	
A5 K2 drð Þ � K0 drð Þ� �

� A6 I2 drð Þ � I0 drð Þ� �


VðrÞ ¼ A1 þ A2

1þ cð Þ 1� cþ k
2 2lþ jð Þ

� �
þ 1þ j

2lþ jð Þ 1þ cð Þ
� �

A2 ln r

þ A3

1� 3c
3� cþ 3j

2lþ j

� �
r2 � A4r

�2 þ k
2 lþ jð Þd

	
� A5 K2 drð Þ þ K0 drð Þ� �

þA6 I2 drð Þ þ I0 drð Þ� �


UðrÞ ¼ A5K1 drð Þ þ A6I1 drð Þ þ lþ j
2lþ j

2
1þ c

A2r
�1 þ 8

1� 3c
A3r

� �
(30)

where In and Kn are the modified Bessel functions of the first and second kind of order n.
The expressions for Fourier coefficients of stress components are also presented in [133]. The coefficients A1 to A6, can

be obtained by using the boundary conditions in Eq. (26), which yields to the following system of linear equations to achieve
the exact solution of the problem;

2I01 dRið Þ 2K 0
1 dRið Þ 8N2 0

2I01 dRoð Þ 2K 0
1 dRoð Þ 8N2 0

�I2ðdRiÞ K2ðdRiÞ dRið Þ2
2 1� �ð Þ

1

dRið Þ2

�I2ðdRoÞ K2ðdRoÞ dR0ð Þ2
2 1� �ð Þ

1

dRoð Þ2

2
666666664

3
777777775

� dN2A6

2

� dN2A5

2�A3

2ð1� N2Þð1� 3cÞ
�N2 2lþ jð Þd2A4

c

2
66666666664

3
77777777775
¼ N2 � þ b=cð Þ

1
1
0
0

2
664

3
775 (31)

where d2 ¼ jð2lþ jÞ=cðlþ jÞ and c ¼ ðlþ jÞ=ðkþ 2lþ j Þ: Finally, the total rzz and lzy of the main problem can be
written as;

rzz ¼ Ex
q

þ rpzz
q

lzy ¼ � b� þ c
q

þ lpzh cos ðhÞ þ lpzr sin ðhÞ
q

(32)

By substituting rzz and lzy given in Eq. (32) into the resultant moment equation (Eq. (18)), and by dividing the obtained
Mq with the second moment of inertia about y-axis, (i.e. I ¼ pEðRo

4 � Ri
4Þ=4), the final relation for the bending rigidity

ratio of a micropolar hollow cylinder is derived:

Xm ¼ 1þ 8N2

1þ �

1� b=cð Þ2
dRið Þ2 þ dRoð Þ2 þ

� þ b=cð Þ2
8N2 1� �ð Þ þ nðdRi, dRoÞ

" #
(33)

where

n dRi, dRoð Þ ¼ dRoð Þ4 � dRið Þ4
� �

I01 dRið ÞK0
1 dRoð Þ � K0

1 dRið ÞI01 dRoð Þ� �
� ½ I01 dRoð Þ � I01 dRið Þ� �

dRoð Þ2K2 dRoð Þ � dRið Þ2K2 dRið Þ
� �

þ K0
1 dRoð Þ � K 0

1 dRið Þ� �
dRoð Þ2I2 dRoð Þ � dRið Þ2I2 dRið Þ

� �
��1 (34)

and

K0
1 dRoð Þ ¼ � 1

2
ðK2 dRoð Þ þ K0 dRoð ÞÞ

I01 dRoð Þ ¼ 1
2
ðI2 dRoð Þ þ I0 dRoð ÞÞ

(35)

3.3. Modified couple stress theory

In this section, the formulation for pure bending of a hollow cylinder in the modified couple stress theory framework is
derived. In the couple stress theory, the micro-rotations are constrained to follow the local rigid rotation which results in
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the symmetry of strains and stresses. However, in modified
couple stress theory, proposed by Yang et al [78], in add-
ition to this constraint, the curvatures and couple stresses
are also considered to be symmetric. The displacement and
microrotation fields in this section is assumed to be the
same as Eq. (14) in Section 3.1, where the displacement field
is equal to that of the classical case and the microrotation
equals to the macrorotation. Then, the kinematic relations
in the modified couple stress theory will be [78]:

eij ¼ 1
2
ðui, j þ uj, iÞ

vij ¼
1
2
ð/i, j þ /j, iÞ

(36)

while the constitutive equations are read [78]:

rij ¼ kekkdij þ 2leij
mij ¼ 2l2lvij

(37)

where l becomes the only internal length scale parameter and
mij is the deviatoric part of the couple stress tensor. Since in
the present problem lii ¼ 0, the equality of lij ¼ mij holds.

The stress and couple stress components of rzz and lzy
are determined by substituting the displacement field (Eq.
(14)) into Eq. (36), followed by a further substitution into
Eq. (37):

rzz ¼ Ex
q

lzy ¼ mzy ¼ �2l2l
1þ �

2q
¼ �El2

2q

(38)

As the equilibrium relation in Eq. (18) also holds here,
substituting Eq. (38) into Eq. (18) gives:

EI þ El2

2
A ¼ Mq (39)

By dividing Eq. (39) with the classical bending rigidity,
gives the bending rigidity ratio for the case of modified cou-
ple stress theory (Xcs):

Xcs ¼ Mq
EI

¼ 1þ l2

2
A
I

(40)

which takes the following form considering a hollow circular
cross-section:

Xcs ¼ Mq
EI

¼ 1þ 2l2

R2
o þ R2

i
(41)

Finally, it should also be noted that in the case of Cauchy
theory, no size effect is observed and the bending rigidity
ratio, XCauchy, equals to unity.

For more clarity, a summary of the kinematic and consti-
tutive equations for the three continuum theories mentioned
in this section are provided in Table 2.

4. Determination of material parameters

In this section, CNTs are considered as equivalent three-
dimensional hollow cylindrical beams made of homoge-
neous, isotropic, linear and elastic material described by
non-classical micropolar, constrained micropolar, modified
couple stress and classical Cauchy theories. To determine
the corresponding constitutive parameters, a non-linear opti-
mization approach, aiming to minimize the difference
between bending rigidities obtained from MD simulations
and continuum models, is employed.

4.1. Optimization problem

Optimization process is performed by utilizing lsqnonlin
command, a non-linear least-square solver with optional
lower and upper bounds that use the trust-region-reflective
algorithm, in MATLAB software [134] to search for follow-
ing properties:

min

	
Fobj E, �, lb,N,

b
c
, h

� �

(42)

with Fobj being the non-linear objective function that is
defined as the Euclidean norm of the difference between the
bending rigidities, attained from MD simulations, KbL0,
(Section 2.2), and continuum relations, XEI, (Section 3):

Fobj ¼ KbL0ð ÞMD � XEIð Þcontinuum
KbL0ð ÞMD










 (43)

Considering the principle of non-negative energy, and
Vodenitcharova and Zhang criterion [135], the below given
inequality constraints are defined.

0�E,�1<��0:5, 0� lb, 0�N�1, �1�b
c
�1, 0�h�1:42

(44)

Once the unknowns in Eq. (42) are determined, the other
constitutive parameters can be derived by exploiting the
relations in Eq. (16), as follows:

G ¼ E
2 1þ �ð Þ , c ¼ 4Gl2b , b ¼ b

c
c, lt ¼

ffiffiffiffiffiffiffiffiffiffiffi
bþ c
2G

r

k ¼ 2G�
1� 2�

, k ¼ 2GN2

1� N2
, l ¼ G� k

2

(45)

Table 2. Comparison of kinematic and constitutive equations in micropolar, constrained micropolar and modified couple stress theories.

Micropolar Constrained Modified
micropolar couple stress

Strain eij ¼ uj, i þ ejik/k ¼ 1
2 ðuj, i þ uj, iÞ þ eijkðhk � /kÞ eij ¼ uj, i þ ejik/k !hk¼/k ¼ ðuj, i þ uj, iÞ=2 eij ¼ 1

2 ðuj, i þ uj, iÞ
Curvature vij ¼ /j, i vij ¼ /j, i vij ¼ ð/i, j þ /j, iÞ=2

Stress rij ¼ kekkdij þ leji þ ðlþ jÞeij rij ¼ kekkdij þ leji þ ðlþ jÞeij !eij¼eji
rij ¼ kekkdij þ ð2lþ jÞeij rij ¼ kekkdij þ 2leij

Couple stress lij ¼ avkkdij þ bvji þ cvij lij ¼ avkkdij þ bvji þ cvij !vkk¼0
lij ¼ bvji þ cvij mij ¼ 2l2lvij
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At this point, it should be mentioned that, in case of the
constrained micropolar formulation, the unknown parame-
ters reduce to E, �, lb and h, whereas for modified couple
stress theory there will be three; E, l and h, and for Cauchy
theory there will be only in-plane stiffness; Eh.

Note that an optimization problem is considered non-lin-
ear if the objective function and/or the constraints are non-
linear, and non convex if the constraints define a non con-
vex problem. The existence and uniqueness of the solution
can be guaranteed by Kuhn-Tucker conditions [136]. In the
present problem, Fobj is a non-linear function with the
inequality constraints (i.e. Eq. (44)), that define a non con-
vex domain. Although, in this case the existence and
uniqueness of the solution is not guaranteed, with a proper
selection of initial guesses a feasible and local minimum
solution has been found for the problem.

4.2. Results and discussion

By adopting the above-mentioned optimization procedure
and exploiting the relations given in Eq. (45), the unknown
parameters for armchair and zigzag CNTs as equivalent three-
dimensional hollow cylindrical beams are determined, and
presented in Table 3, for micropolar, constrained micropolar,
modified couple stress and Cauchy theories. Here, for com-
parison, a fixed thickness of 1.01 Å (the one obtained in
micropolar case) is imposed on the problems adopting modi-
fied couple stress and constrained micropolar theories, as this
additional constraint does not yield any significant difference
in the norm of their objective functions, whereas a freedom in

the choice of the thickness exists for the Cauchy model.By
using the corresponding identified parameters, the variation
of bending modulus predicted by continuum theories are
plotted alongside with those already obtained from MD simu-
lations (see Figure 7). Besides, as the results of the atomistic
simulation are not significantly affected by the temperature in
the range of 0 to 300K, the obtained material parameters are
applicable for this temperature range.

As mentioned in the previous paper of some of the
Authors [100], the solution of the non-linear optimization
problem naturally depends on the initial guesses, such that
different initial guesses for Young’s modulus lead to differ-
ent optimized values of E and h, while the product of Eh is
almost constant (about 0.289–0.296 TPa.nm), as consistent
with the physical nature of CNTs in tensile loading.

4.2.1. Prediction of size effect in bending modulus
As inferred from Table 3, the use of constrained micropolar,
modified couple stress and Cauchy theories increases the

Table 3. Identified material parameters for armchair and zigzag CNTs.

Micropolar Constrained Modified Cauchy
micropolar couple stress

E (GPa) 2865 2962 2962 3090
N 0.18 – – –
b=c 0.93 – – –
� 0.25 0.33 – –
lb (Å) 1.409 0.66 1.08 –
h (Å) 1.01 1.01 1.01 1.01
Eh (TPa.nm) 0.291 0.3 0.3 0.313
Fobj 0.0026 0.0075 0.0075 0.069

Armchair G (GPa) 1144 1116 – –
c (nN) 91 19 – –
b (nN) 85 –6 – –
k (GPa) 1167 2116 – –
j (GPa) 79 – – –
l (GPa) 1104 – – –
bþ c (nN) 175 – – –
lt (Å) 2.77 0.76 – –

E (GPa) 2837 2932 2932 3086
N 0.19 – – –
b=c 0.91 – – –
� 0.25 0.3 – –
lb (Å) 1.416 0.71 1.18 –
h (Å) 1.01 1.01 1.01 1.01
Eh (TPa.nm) 0.288 0.297 0.297 0.313
Fobj 0.0022 0.0088 0.0088 0.096

Zigzag G (GPa) 1139 1127 – –
c (nN) 91 22 – –
b (nN) 83 –7 – –
k (GPa) 1102 1706 – –
j (GPa) 84 – – ––
l (GPa) 1097 – – –
bþ c (nN) 175 – – –
lt (Å) 2.768 0.83 – –

Figure 7. Comparison of the bending modulus of CNTs obtained from MD
simulation and different continuum models.
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norm of the objective function. This variation is especially
pronounced for Cauchy, which turns out 26 (for armchair)
and 44 (for zigzag) times greater than the one obtained for
micropolar theory; hence, points out the necessity of includ-
ing material parameters accounting for scale effects.
Moreover, it is also evident from Figure 7, that the evalu-
ation of bending modulus is best captured by micropolar
theory, which inherently accounts for the relative rotations
related to the skew-symmetric part of the strain tensor,
whereas the almost identical prediction by the modified cou-
ple stress theory and constrained micropolar theory can be
interpreted as acceptable and valuable considering their rela-
tively simple formulations. Meanwhile, the incapability of
the Cauchy theory in capturing size-effects is once
more revealed.

4.2.2. Bending characteristic length
The fact that the present method leads to unique internal
characteristic length (lb), independent of the diameter and
chirality of CNTs, with a consistent physical interpretation,
which turns out to be directly related to the carbon-carbon
bond length (i.e. � 1:4Å), is a very distinct feature, as in
the majority of the literature (e.g. [82, 94, 99, 137–139]),
either a predefined fixed value is used for non-locality
related parameters or it is found to vary with aspect ratio,
diameter, and other features. On the other hand, the values
that are determined using modified couple stress theory and
constrained micropolar theory are 1.08Å and 0.66Å for
armchair and 1.18Å and 0.71Å for zigzag CNTs, respect-
ively. The predictions seem to be acceptable considering
their simplicity.

4.2.3. Young’s modulus and poisson’s ratio
For comparison, the reported Young’s modulus and
Poisson’s ratio values, that are obtained by performing
atomistic simulations, analytical calculations and/or experi-
ments, are summarized in Table 4. Since assuming different
values for CNTs’ thickness (ranging from 0.617Å to 6.9 Å
[37]) resulting in a large discrepancy in Young’s modulus, it
is common to compare in-plane stiffness (Eh), for which a
narrower range (from 0.234 TPa.nm to 0.612 TPa.nm)
exists. The presented optimized value of in-plane stiffness
that is determined for micropolar theory differs less than 1%
from the ones given by Hu et al. [141], in which tensile
characteristics of armchair CNTs are investigated through
MD simulations. Moreover, as one can see from Table 3,
the value of in-plane stiffness turns out to be almost inde-
pendent of the adopted continuum theory; i.e. the largest
difference, which is about 8%, is between non-classical
micropolar and classical Cauchy theories. Regarding
Poisson’s ratio, there is a considerable inconsistency in lit-
erature varying from 0.14 to 0.41 (see Table 4) while the
obtained value of � ¼ 0:253 falls well within this data and is
near to those obtained by Hu et al. [141].

4.2.4. Comparison with the torsional loading results
In order to check the independence of the identified param-
eters from the loading protocol, the common material prop-
erties in the Authors’ previous work [100] based on torsion
test data is compared with the ones presented herein.
Although the results are not reproduced precisely, acceptable
values are attained, especially for armchair nanotubes; i.e.
considering micropolar theory, the torsional characteristic
length, lt, that is calculated by using the relation given in

Table 4. Comparative study on the in-plane stiffness (Eh) and Poisson’s ratio (�).

Eh (TPa.nm) SWCNT Loading Method m

Atomistic simulation/Analytical methods
Present Work 0.291 (5,5) to (12,12) Bending MD-AIREBO potential 0.253
Arroyo and

Belytschko [140]
0.234 (10,10) – Exponential Cauchy-

Born rule
0.41

Hu et al. [141] 0.303 (5,5) Tensile MD-REBO potential 0.25
Hu et al. [141] 0.282 (10,10) & (15,15) Tensile MD-REBO potential 0.317
Vodenitcharova and

Zhang [135]
0.301 – External

hydrostatic pressure
Ring theory of

continuum mechanics
–

Lu [121] 0.329 (5,5)-(200,200) Tensile Empirical force-
constant model

0.28

Kudin et al. [119] 0.330–0.338 (4,4)-(7,7)-(7,0)-(12,0) Tensile Ab-initio methods 0.14–0.18
Yakobson et al. [115] 0.363 – Tensile Tersoff-

Brenner potential
0.19

Hernandz et al. [120] 0.416–0.430 (6,6)-(15,15) Tensile Nonorthogonal
tight binding

–

Experiment
Demczyk et al. [142] 0.306 Bending Bending tests on

individual carbon
nanotubes in-situ in

a TEM

–

Salvetat et al. [143] 0.306 Mean diameter 1.4 nm Bending With AFM –
Treacy et al. [144] 0:612þ0:799

�0:476 Thermal vibration Captured with TEM –
Krishnan et al. [145] 0:442þ0:204

�0:136 27 nanotubes in the
diameter

range 1.0–1.5 nm

Thermal vibration Captured with TEM –

Wong [146] 0:435þ0:2
�0:2 Bending Cantilever bending

by AFM
–
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Eq. (45), is 2.77Å, and differs about 17% from the one in
Izadi et al. [100]. Also, the discrepancy between the shear
modulus in the two loading protocols is less than 3% with
about 18% difference for the coupling numbers. Since the
bending test lead to smaller norms of objective function, it
can be concluded that, the results (i.e. optimized parame-
ters) have been improved compared to torsion test. It is
because in bending simulation, the energy minimization is
used at each increment, which considerably reduces the fluc-
tuations of the results, and also a method is proposed to
relax the induced spurious axial strain during loading.

4.2.5. The effect of chirality
The results (see Table 3 and Figure 7) point out the almost
negligible effect of the orientation of the hexagonal carbon
rings on the elastic properties with a maximum differences
of 6% for micropolar constant, j, whereas Young’s modulus
varies less than 1% and is in agreement with the literature
[114, 120, 147, 148]. Even though a more pronounced dis-
crepancy is obtained for constrained micropolar (15%, 16%,
and 8% for c, b and lb, respectively) and modified couple
stress (9% for lb) theories, the predictions of micropolar the-
ory, endowed with relative rotations, can be considered as
more precise and more reliable to be deduced from. Due to
the small difference between obtained material parameters
for two distinct classes of chirality; i.e., zigzag (n¼ 0) and
armchair (m¼ n), the results are expected to remain within
this range considering CNTs with arbitrary chirality. In fact,
through further numerical experiments, an empirical formu-
lation between chiral indices (m,n) and constitutive proper-
ties can be derived yet not investigated in this study.
Besides, the procedure presented herein can be easily applied
for multi-walled CNTs to obtain equivalent material param-
eters. Alternatively, the values attained for each SWCNT
wall in the present work can be incorporated in a con-
tinuum method to model a multi-walled CNT considering
an equivalent stiffness for the van der Waals layers.

5. Conclusion

A comprehensive examination of the mechanical response of
carbon nanotubes (CNTs) is still in progress, while fre-
quently employed discrete modeling techniques are suffering
from high computational cost, and performing actual experi-
ments tends to be physically challenging. In this regard, bal-
ancing accuracy with computational efficiency can be
achieved by means of continuum models that are calibrated
through atomistic simulations, whereas a suitable choice of
the theory has the utmost significance, especially in the pres-
ence of scale effects.

In this paper, first, a systematic procedure ensuring pure
bending using molecular dynamics (MD) simulations is
employed to investigate flexural behavior of armchair and
zigzag single-walled CNTs (SWCNTs) with moderately small
aspect ratio (i.e. L0=d � 5). This is achieved by introducing
a method that keeps the length of the deformed CNT axis
unaltered, and eliminates the errors that might be developed
due to misuse of boundary conditions. The results evidently

demonstrate the effect of size-dependence on the bending
modulus; i.e. nanotubes with smaller diameters exhibit
higher bending modulus in contrast to the classical case for
which it is expected to remain constant; hence, indicates the
necessity of adopting enhanced non-classical (non-local) the-
ories. The observed size effect in bending modulus is attrib-
uted to the fact that mean diameter (external length) of the
studied CNTs are comparable to the lattice spacing (internal
length) between the individual atoms. Second, the capacity
of micropolar, constrained micropolar and modified couple
stress theories is investigated, while CNTs are modeled as
three-dimensional hollow cylindrical beams made of homo-
geneous, isotropic, linear and elastic material. Through a
non-linear optimization approach, that enforces equivalency
between atomistic observation and continuum prediction, in
terms of bending rigidity, constitutive parameter sets for
each class of chirality are determined. The results reveal the
great potential of micropolar theory, allowing for relative
rotations, in capturing the observed size effect as the pre-
dicted bending modulus perfectly fits the corresponding
MD-simulated data. Even though such an agreement is not
achieved for modified couple stress and deformation-wise
constrained micropolar theories, a sufficient accuracy is still
provided despite their over-simplified formulations. On the
other hand, the inadequacy of classical Cauchy theory in
predicting the scale effects is once more proven as the mem-
ory of underlying structure, which strongly affects the over-
all mechanical behavior, cannot be retained.

As interesting features of the presented study, the value
of the internal scale parameter, lb, turns out to be directly
correlated to the carbon-carbon bond length (� 1:4Å),
while the comparison of the material parameters obtained
from the bending test given herein, and the torsion test
given in the Authors’ previous contribution [100] concludes
the independence of the results from selected loading scen-
arios. Moreover, the identified material parameter sets are
valid for all armchair and zigzag nanotubes with various
lengths since bending rigidity, which is used in optimization
process, proved to be independent of the aspect ratio.
However, further study is required to ensure the extension
of the results for CNTs with considerably large values of
aspect ratio.
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Appendix:

Comparison of the bending method applied in different researches

Author Simulation method Potential Loading method CNT type Temp. (K)

Chang and Hou [101] MD REBO II A constant increment of bending angle
is applied, the loading atoms are
fixed and the whole tube is relaxed
in NVT ensemble for 50 steps at
each increment.

armchair MWCNTs with the same
outer tube as (35, 35 )
and L¼ 12.4 nm

1

Farajian et al. [149] tight binding – While fixing eight carbon rings at each
end of the nanotube, the structure is
optimized such that the maximum
force acting on the unconstrained
atoms becomes less than 0.05 eV/Å.

(6,6) and (10,0) –

Liu et al. [150] tight binding REBO A lateral force is applied to each atom
at the loading end. The bending
force is the summation of all the
applied lateral forces.

(5, 5)/(10, 10) 0

Iijima et al. [102] MD Tersoff-Brenner The bending angle was increased in
small steps and the tube was
relaxed at each position. The
presence of the bending force was
simulated by keeping the end atoms
fixed for each configuration.

SWCNT of diameters varying
between 1.0 nm and 1.5 nm and
covering the entire range
of helicity

0 & 300

Yakobson et al. [115] MD Tersoff-Brenner Insimulations of bending, a torque is
applied at the ends, and the
bending angle increases stepwise

Same as [102] 50

Kutana and Giapis [104] MD REBO and Lennard-Jones By rotating the fixed ends in steps of
0.5 degree. After each step, the
potential energy of the central
segment was minimized. The axial
strain was removed through a
succession of end displacements and
central part relaxations.

(10, 10) and (30, 30) 300

Cao and Chen [103] Ab initio and FEM COMPASS Rigid body translation is applied to the
atoms in both end layers of SWCNT,
such that the length of the
deformed tube axis remains
unchanged. The carbon atoms in
both end layers are first moved to
and fixed at their new positions,
then, all other carbon atoms relocate
to their new equilibrium positions by
minimizing the potential energy of
the whole system.

(5,5), (10,10), (15,15), (20,20), (9,0),
(17,0), (26,0) and (35,0)

0

Nikiforov [105] Objective MD Tersoff The bending angle was varied in small
steps, at most 0.05 degrees per nm
of tube length, with relaxation
performed at each step.

SWCNTs with radii ranging from
0.35 nm (5,5) to 1.40 nm

300
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